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EFFECTS OF ECCENTRICITIES AND LATERAL PRESSURE ON THE 

DESIGN OF STIFFENED COMPRESSION PANELS 

By Gary L. Giles and Melvin S. Anderson 
Langley Research Center 

SUMMARY 

An analysis for  determining the effects of eccentricities and lateral pressure on the 
design of stiffened compression panels is presented. The four types of panel stiffeners 
considered a r e  integral, zee, integral zee, and integral tee. Mass-strength curves, which 
give the mass of the panel necessary to car ry  a specified load, are given along with 
related design equations needed to calculate the cross-sectional dimensions of the 
minimum-mass-stiffened panel. The results of this study indicate that the proportions 
of the panels a r e  geometrically s imilar  to the proportions of panels designed for no 
eccentricity or lateral pressure,  but the cross-sectional dimensions a r e  greater,  
resulting in significantly increased mass.  

The analytical minimum-mass designs of zee-stiffened panels a r e  compared with 
designs from experimentally derived charts. An assumed eccentricity of 0.001 times 
the length of the panel is used to  correlate the analytical and experimental data. Good 
correlation between the experimentally derived and the analytical curves is obtained for  
the range of loading where material  yield governs the design. At  lower loads the mass 
given by the analytical curve using this assumed eccentricity is greater than that given 
by the experimental results.  

INTRODUCTION 

The design of efficient aerospace structures requires the sizing of individual s t ruc­
tural  components to have low mass  with maximum strength. Stiffened panels which a r e  
used on the upper surface of airplane wings o r  in the interstage and intertank structures 
of launch vehicles, where the primary loading is uniaxial compression, a r e  an important 
c lass  of components which have been studied extensively. Mass-strength curves which 
give the mass of the stiffened panel required to car ry  a given applied load have been 
obtained previously by assuming that the compressive load is applied through the neutral 
surface of the panel. (See ref. 1.) In most practical designs, it is nearly impossible to 
achieve a panel loading that is not eccentric because of imperfections in the panel, and 
in  some designs other considerations necessitate the intentional application of panel end 
loads which a r e  eccentric to the neutral surface. In many designs compression panels 
a r e  a lso acted on by lateral  pressure.  Design procedures for stiffened panels often 
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Figure  1.-Cross s e c t i o n  of s t i f f e n e d  compression pane l s .  
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account for eccentricities and lateral pressure only through the use of experience fac­
tors .  However, a method for designing eccentrically loaded thin-walled round columns 
has been developed in reference 2, and a similar rational approach to the design of stiff­
ened compression panels which includes the effects of eccentricities and lateral pressure 
is needed. 

An analysis is presented for  determining minimum-mass proportions of four types 
of stiffened panels for a range of eccentrically applied uniaxial compressive end loads. 
Equivalence relationships a r e  established which relate the design parameters for panels 
with initial imperfections and lateral  pressure to the design parameter for panels under 
eccentric end loading. Thus the data presented in this report can be used to account for 
all three of these effects during the design of stiffened panels. The four types of panel 
stiffeners (fig. 1) considered a r e  integral, zee, integral zee, and integral tee. Mass-
strength curves along with related design equations needed to calculate the cross-
sectional dimensions of these stiffened panels a r e  presented. For the zee-stiffened 
panels, the analytical minimum-mass designs a r e  compared with designs from experi­
mentally derived charts. 

SYMBOLS 

A cross-sectional a r ea  per unit width of panel 

a maximum amplitude of initial imperfection of sinusoidal shape denoted by 
ma sin ­2 

B,B1 dimensionless parameters defined by equations (A23) and (A24), respectively 

ba ,bf width of attachment, flange, and skin segments and depth of web segment of 

bS t b ,  panel cross  section, respectively (see fig. 1) 

E 

ES 

E T  

e 

distance from neutral surface to location where s t r e s s  is to be calculated 
(see eq. (1)) 

Young's modulus for material 

secant modulus for material  at given s t r e s s  

tangent modulus for material  at given s t r e s s  

load eccentricity measured from neutral surface of stiffened panel (positive 
toward skin) 
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H constant (see eq. (A14)) 

I area moment of inertia 

k local buckling coefficient 

2 panel length 

M bending moment 

NX axial compressive load per unit width of panel 

n constant (equals 0, 1, o r  2 for integral-stiffened, zee- and integral-zee­
stiffened, and integral-tee-stiffened panels, respectively) 

P axial compressive load 

q lateral pressure load 

b f t fR geometric ratio, 
b, tw 

rb ratio of depth of web to width of skin, &/bs 


rt ratio of thicknesses, tw/ts 


f mass-equivalent flat-plate thickness of a stiffened panel 


tf,ts,tw thickness of flange, skin, and web segments of c ross  section, respectively 
(fig. 1) 

X distance along length of panel 

Y distance normal to panel 

distance from neutral surface of plate-stiffener combination to middle surface 
YO 

of skin 

CY dimensionless parameter defined by equation (A12) 
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P dimensionless parameter defined by equation (A13) 

Y constant selected to establish equivalence between panel with initial imper­
fection and panels with eccentric end load or  lateral  pressure 

E structural  efficiency factor 

plasticity reduction factor for general buckling defined by equation (A8)qg 

712 plasticity reduction factor for local buckling defined by equation (A10) 

e dimensionless parameter, P -1 
bw 

I-l Poisson's ratio 

[1,<2,t, geometric parameters defined by equations (A2), (A4), and (A6), respectively 

P radius of gyration of panel cross  section 

0 s t r e s s  

Oav average applied compressive s t ress ,  Nx/E 

OCY 
material compressive-yield s t r e s s  

OE Euler column-buckling s t ress ,  n2E(fr  

U2 local buckling s t r e s s  

maximum compressive s t r e s s  in panel cross  section 

@ equivalent-eccentricity parameter defined by equation (5) 

BEAM-COLUMN BEHAVIOR O F  COMPRESSION PANELS 

In this report the compression panels a r e  analyzed as wide columns by assuming 
that the panels are of sufficiently small  curvature and of sufficient width to render the 
buckling load independent of curvature and boundary conditions along the unloaded edges. 
The three loading conditions of eccentrically applied end load, initial imperfection, and 
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Figure  2.- Schematic of l oad ing  cond i t ions .  

lateral pressure,  shown in figure 2, a r e  considered. As indicated, a sine wave w a s  
selected as the shape of the initial imperfection, and the pressure loading is constant 
over a panel. Stresses acting on a panel cross  section a r e  the superposition of the 
direct s t r e s s  from the applied load and the s t r e s s  resulting from the moment which is 
produced by the eccentric application of the load o r  the lateral  pressure. The magnitude 
of the s t r e s s  is given by 

o = P + M c  
A I 
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The maximum value of stress (T occurs at the midlength of the panel (x = i ) a n d  

differs for each of the three loading conditions only by the difference in expressions for 
the bending moment M. Expressions for  the maximum bending moment corresponding 
to each of the conditions are derived in reference 3. The expressions in nondimension­
alized form are 

For eccentric end load 

M = s e c ( g E )  
NXZt) 

For initial imperfection 

M -- Y 
NxZ($f) 1 (Tav 

(3) 

aE 

For lateral pressure 

The equations were written in the nondimensionalized form shown to establish equivalence 
relationships between the design parameters of e/Z for the eccentrically end-loaded 
panels, 1a for panels with initial imperfections, and ql/Nx for panels under lateral

Y Z  
pressure.  The nondimensional moments a r e  related to the ratio of the average s t r e s s  to 
the Euler buckling s t r e s s  of the panel oaV/oE, and these relationships are compared 
graphically in figure 3.  The curves exhibit a similar trend for the entire range of loading 

aaV/oE. For practical values of eccentricity or  lateral  pressure,  efficient panel design 

is obtained for > 0.5. In this range the moment curves for panels with eccentric end 
OE 

loads and lateral pressure a r e  in very good agreement. The constant multiplier y is 
introduced to provide correlation between the curve for panels with an initial imperfection 
and the other two curves. The curve for  y = 1.0 is shown in figure 3.  When y = 1.25 
is used, the curve fo r  initial imperfection cannot be distinguished from the curve for lat­
era l  pressure.  Since these moment curves a r e  in such good agreement, an equivalent-
eccentricity parameter can be used to correlate the effects of all  three conditions. This 
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equivalent-eccentricity parameter,  which can be used for  the design of panels with a com­
bination of eccentricities and lateral pressure,  is expressed as 

where y = 1.25 is recommended for  the initial-imperfection term. 

35 


30 


Eccentric end load 
25 I n i t i a l  imperfection 

(y = 1.0) E 

MI 
.a 1.0 

IJav-
OE 


Figure 3.- Comparison of nondimensionalized moments over 

the range of applied stress for the loading conditions 

shown in figure 2. 


The results derived in the appendix are for the condition of eccentric end loading 
e The corresponding design curves a r e  presented in te rms  of the equivalent-where 4 

= T' 
eccentricity parameter 4. (See eq. (5).) Hence, the design curves in this report a r e  
correct for the condition of eccentric end loading, but a few check cases confirm that 
these curves can also be used with very good approximation in the design of compression 
panels with initial imperfections and under lateral pressure.  In the remainder of this 
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report, an l'eccentrically loaded panell' will re fe r  to a panel which has an eccentric end 
load, initial imperfection, lateral pressure,  or some combination of these conditions. 

METHOD OF DESIGN 

In this section the method used to include the effect of eccentricities and lateral 
pressures  on the design of stiffened panels is established; details of the design procedure 
a r e  described in the appendix. The conventional procedure used to obtain mass-strength 
curves for these stiffened panels loaded through their neutral surfaces (no eccentricity or  
lateral  pressure) is based on the assumption that the minimum-mass panel is obtained 
when the various types of buckling occur simultaneously under the applied loading. This 
principle can be expressed as 

where Uav is the average applied compressive stress given by Nx/f, crE is the Euler 
column-buckling s t r e s s  of the panel, and uz is the local-buckling s t r e s s  of the panel, In 
this report local buckling re fers  to buckling of the cross  section of the panel and is deter­
mined using the principle of moment distribution between the elements of the cross  
section. 

The principle given in equation (6) is not applicable to the present investigation 
since eccentrically loaded panels do not exhibit bifurcation (Euler) buckling. For the 
eccentrically loaded panel, the counterpart of the Euler buckling load can be obtained 
by studying the large deflection behavior of the panel. The eccentrically loaded panel 
exhibits a "top-of-the-knee" behavior which has been predicted theoretically by various 
methods summarized in reference 4. Such studies usually involve detailed knowledge of 
the postyielding behavior of plastically stressed columns. 

For the present study an approximate method is used to avoid the complexities of 
such postyielding behavior. Herein the assumption is made that when the maximum 
s t r e s s  am, in the eccentrically loaded panel reaches a critical value, the panel has 
no additional load-carrying ability. The critical value is assumed to be either the 
compressive-yield strength of the panel material ucy or the local-buckling strength 
02. Thus 

omax = az or ucy 

is used as the criterion for the failure of eccentrically loaded columns. While this 
assumption has been shown to be unduly conservative for  postyielding of certain panels 
(ref. 4), it is likely to be a better assumption for  a well-proportioned stiffened panel 
where significant postyielding or  postbuckling strengths are unlikely. 
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The maximum stress is a function of the cross-section properties f ,  yo, and p,  
equivalent-eccentricity parameter @, panel length I, and the intensity of loading as 
expressed by the ratio of average applied stress to the Euler column-buckling stress 
oaV/aE. In this report  the moment given for  the condition of the eccentric end load will 
be used in the equation for the maximum stress. The maximum stress can then be 
obtained from equations (1 )  and (2 )  as 

which is a form of the so-called secant formula. A normalized graph of this formula is 

shown in figure 4, where Oav = Nx.-E The ordinate of the figure shows the magnification 

of s t ress  produced by the equivalent-load eccentricity as a function of the ratio of aver­
age stress to Euler buckling s t r e s s  cav/oE. Similar trends could be plotted for the 
effects of initial imperfection o r  lateral pressure by replacing the eccentricity parame­
t e r  e/,? with the initial-imperfection parameter 1.a or the pressure parameter

Y l ?  
qZ/$NX. For minimum-mass design, the cross  section of the panel should be propor­
tioned to make oav/oE as large as possible. However, with eccentric loading an 
increase in the s t r e s s  ratio oaV/oE results in a significant increase in magnification 
of maximum stress Umax/Dav. When the magnification of stress is large enough to 
produce either material yielding o r  to exceed the buckling s t r e s s  of the panel c ross  sec­
tion, then the panel is assumed to fail. 

The criterion established for  designing the panels is that local buckling or material 
yield and consequent failure of the panel occur simultaneously for  given values of loading 
parameter N,/EZ and eccentricity parameter @. The geometric ratios of the panel 
c ross  section which provide the minimum-mass panel (minimum Ul?)and satisfy this 
design criterion a r e  then determined. Details of the procedure are given in the appendix. 

Local-buckling equations have been developed (see ref. 5, for  example) for various 
c ross  sections with wide ranges of proportions. These equations were derived for a uni­
form s t r e s s  over the c ross  section. Local-buckling equations a r e  not available for  c ross  
sections under a combined compressive load and moment which results from eccentric. 
loading. For the results presented in this report, the moment resulting from the eccen­
tricit ies or  lateral pressure is assumed to produce compression in  the skin of the panel. 
The maximum s t r e s s  which then occurs in the skin is the sum of the compressive s t r e s s  
produced by the moment and the direct compressive s t ress .  The local-buckling behavior 
is then based on the conservative assumption of this maximum stress applied uniformly 
to  the panel c ross  section. If local-buckling equations which account for the effects of an 
applied moment were developed, they could be incorporated into the present analysis. 
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Figure  4.- S t r e s s  magni f ica t ion  f o r  e c c e n t r i c a l l y  loaded pane l s  

The analytical procedures discussed in this section were used to calculate design 
data for  the integral-stiffened, integral-zee-stiffened, and integral-tee-stiffened panels 
for  a range of loading parameters Nx/EZ and several  values of eccentricity parameter 
$I. The analytical minimum-mass designs of zee-stiffened panels a r e  compared with 
designs from experimentally derived charts.  The present design data which can be used 
to determine both the effects of eccentricities and lateral pressure on the design of these 
compression panels are discussed in the following section. 

RESULTS AND DISCUSSION 

Mass-strength curves for  integral- stiffened, integral-zee -stiffened, and integral­
tee-stiffened panels subjected to uniaxial eccentric loading are shown in figures 5 to 7, 
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Figure 7.- Mass-s t rength curves f o r  e c c e n t r i c a l l y  loaded i n t e g r a l - t e e - s t i f f e n e d  
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respectively. Results are given for only one set of commonly used flange proportions,
tf
'- 0.3 and -= 1.0. These curves give the variation of the mass-equivalent flat-

G- tw 
plate thickness nondimensionalized by the panel length F/Z with the loading parameter 
Nx/EZ fo r  several  values of eccentricity parameter @. The material yield for the 

curves is E = 0.0069; this value corresponds to the material properties of 7075-T6 
aluminum alloy. A dashed line separates the part of the curves which are based on 
buckling from the part based on material yield. 

The results obtained for  no eccentricity (@ = 0) are shown in the appendix to agree 
with those obtained in reference 1. The effect of the equivalent-eccentricity parameter 
@ on the design of the stiffened panels at a selected load index is shown in figure 8. 

1.4 
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Figure 8.- Ra t io  of t h e  mass parameter of  e c c e n t r i c a l l y  loaded pane l s  
t o  t h e  m a s s  parameter of pane l s  under noneccen t r i c  l oads  f o r  a 

range of  t h e  e c c e n t r i c i t y  parameter @.	5 = 2.0 x 10-5.
E l  
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The ratio of the mass parameter fo r  eccentrically loaded panels to the mass  parameter 
of panels with no eccentricity is given fo r  a range of the eccentricity parameter. In 
practical design, it is nearly impossible to achieve a panel loading without eccentricity 
effects. A significant increase in panel mass is shown to be required for  even small  
eccentricities. Eccentricity is shown to have approximately the same effect on each of 
the types of stiffened panels considered. The integral-stiffened panel requires the great­
est increase in mass,  and the integral-tee-stiffened panel requires the least mass  
increase for a given value of the eccentricity parameter. 

Geometric proportions of the panel cross  sections corresponding to the mass-
strength curves of figures 5 to 7 a r e  given in figures 9 and 10. The optimum sets of 

proportions at a selected value of loading 	5= 2.0 X are shown for a range of
E l  

eccentricity parameter 4. For a given eccentricity, the variation in optimum panel 
proportions throughout the loading range was found to be small. Moreover, the differ­
ence in mass  between panels with proportions given in figures 9 and 10 and panels with 
optimum proportions for  other values of loading throughout the entire load range is insig­
nificant. Therefore, these proportions shown a r e  applicable for all  loads. The optimum 
geometric proportions do change with eccentricity parameter @, but the changes are 
slight. Hence, the proportions of the panels a r e  geometrically similar to the proportions 

'b 

l * O  E­- *  

- * +  i t , ,I , , / 

* . 1  , I ,  

.7 k gi .  1 I ,  

0 2 

Figure  9.- O p t i m u m  r a t i o  of depth of  s t i f f e n e r s  t o  d i s t a n c e  

between s t i f f e n e r s  f o r  e c c e n t r i c a l l y  loaded 

pane l s .  	 5 = 2.0 x 10-5.
E l  
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Figure 10.-Optimum ratio of stiffener thickness to skin thickness 


(.t = 2)for eccentrically loaded panels. - -Nx - 2.0 x 10-5.El 

of panels designed for no eccentricities o r  lateral  pressure,  but the cross-sectional 
dimensions increase with increasing eccentricity parameter, resulting in an increased 
mass.  Equations fo r  determining the dimensions of the panel c ross  section at  a given 
loading are presented in the appendix. 

A mass-strength curve obtained from the experimentally derived design charts of 
reference 6 for a zee-stiffened panel is compared with analytical results in figure 11. 
The design charts are based on tests in which the intent was to load initially flat panels 
through their neutral surface (i.e., no eccentricities). However, the experimental results 
indicate that the mass of the panels required to car ry  a given test  load is greater than 
that given by the analytical curve for no eccentricity of loading 1 

= 0. An assumed 
eccentric end load of er = 0.001 for  ideal panels is suggested in reference 3 to relate 
theoretical and experimental panel buckling results. An analytical mass-strength curve 
using this assumed value of eccentricity is also shown in figure 11. At the loading where 
material-yield strength governs the design, the analytical curve for e - 0.001 branches.2--
One part of this curve neglects any plasticity reduction by assuming a linear stress-strain 
relationship up to material yield, whereas the other part uses  a first-order approximation 
fo r  a plasticity reduction. The first-order plasticity reduction uses the tangent modulus 
in  the secant formula for  maximum stress and uses a plasticity reduction factor from 
reference 7 fo r  local buckling behavior. The nonlinear material behavior used to calcu­
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Figure 11.-Comparison of experimentally derived and analytical mass-strength curves 


tf -f o r  zee-stiffened panels. 	bf = 0.4; -- 1.0; b. = 0.3.  
bW tW bW 

late the plasticity reduction factors were obtained from the stress-strain diagram for 
7075-T6 aluminum that is presented in reference 8. 

Good correlation between the experimentally derived curve and the analytical curves 
is obtained for the range of loading where material yield governs the design. At lower 
loads the analytical curve is conservative since it indicates that a greater mass than that 
given by the experimental curve is required to car ry  a given load. This conservative cor­
relation is in part a consequence of the conservative assumptions made in the analysis. 
The cross-sectional proportions of specific designs based on the present analysis were 
compared with corresponding proportions obtained from the experimentally derived design 
charts of reference 6. Good correlation of the proportions was found in the high-stress 
range with a greater difference occurring at low values of s t ress .  Subsequently, propor­
tions based on the present study were used with the design charts of reference 6 to con­
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struct a mass-strength curve; differences between that curve and the experimental curve 
shown in figure 11were negligible. 

CONCLUDING REMARKS 

An analysis for  determining the effects of eccentricities and lateral pressure on the 
design of stiffened compression panels is presented. The four types of panel stiffeners 
considered a r e  integral, zee, integral zee, and integral tee. Results a r e  presented in 
te rms  of a single equivalent-eccentricity parameter which can be used to account for a 
combination of eccentric end load, initial imperfection, and lateral pressure.  Mass-
strength curves, which give the mass of the panel for a specified load and eccentricity 
parameter, are given along with related design equations needed to calculate the cross-
sectional dimensions of the minimum-mass-stiffened panel. The results of this study 
indicate that the proportions of the panels a r e  geometrically similar to the proportions 
of panels designed for no eccentricities o r  lateral pressure,  but the cross-sectional 
dimensions a r e  greater,  resulting in significantly increased mass.  

The analytical minimum-mass designs of zee-stiffened panels a r e  compared with 
designs from experimentally derived charts. An assumed eccentricity of 0.001 times the 
length of the panel is used to correlate the analytical and experimental data. Good corre­
lation between the experimentally derived and the analytical curves is obtained for the 
range of loading where material yield governs the design. At lower loads the mass given 
by the analytical curve using this assumed eccentricity is greater than that given by the 
experimental results. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Hampton, Va., May 3, 1972. 
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APPENDIX 

MASS-STRENGTH ANALYSIS 

In this appendix the mass-strength analysis of four types of stiffened panels (fig. 1) 
under eccentric compressive end loading is presented. The maximum compressive s t r e s s  
is a function of loading N,, panel length 1, eccentricity e, and the geometric proportions 
of the c ross  section. 

The assumption is made that the reduction of bending stiffness of the panel when 
either local buckling o r  material  yielding in  the panel c ross  section occurs will produce 
failure of the panel. The criterion established fo r  designing the panels is that local buck­
ling or material yield and consequent failure of the panel occur simultaneously for given 
values of the loading parameter Nx/E2 and the eccentricity parameter 4 = ei- The geo­
metric proportions of the panel c ross  section which provide the highest structural  effi­
ciency (lowest E/,?) and satisfy this design criterion a r e  then determined. 

Geometric Properties 

The mass-equivalent flat-plate thickness nondimensionalized by the panel length 
is given by 

-
ti= 5, tS 

where 

t1 = 1 + (1+ + +rbrt 

with 

and 
n = 0 for integral-stiffened panels 
n = 1 for zee- and integral-zee-stiffened panels 
n = 2 for integral-tee-stiffened panels 

The distance from the neutral surface of the plate-stiffener combination to the mid­
dle surface of the skin is 
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where 

The radius of gyration of the panel c ross  section is 

P = b 5 3  

where 

Design Stresses 

It is assumed in this analysis that the moment resulting from the eccentricities and 
lateral pressure produces compression in the skin of the panel. To calculate the maxi­
mum compressive s t r e s s  which occurs in the skin, the secant formula (eq. (8)) for col­
umns with an eccentric end load can be expressed in nondimensional form by using the 
previously defined geometric properties, as 

The plasticity reduction factor q would be difficult to determine for eccentrically
g

loaded columns. Herein, the plasticity reduction factor for columns with no eccentricity 
of loading is used. This reduction is given by the ratio of the tangent modulus to Young's 
modulus of the material 

ET
'g= E 

The value for the tangent modulus is taken at the maximum stress in the eccentrically 
loaded column; hence, by using equation (A8) conservative results can be obtained. 

The local buckling stress of the skin between stiffeners, including the restraint  of 
the stiffeners, is expressed as 
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The plasticity reduction factor for  local buckling 72 is taken to be 

which is derived in reference 7 for plates that a r e  simply supported along their unloaded 
edges. 

Designs for Stress  Below Proportional Limit of Material 

Parameter optimization.- For designs with stresses below the proportional limit 
of the material, qg = ql = 1. The maximum s t r e s s  which occurs in the skin, given by 
the secant formula (eq. (A7)), is equated to the local-buckling s t r e s s  of the skin (eq. (A9)). 
By solving for ts from the resulting equation and substituting this variable into equa­
tion (Al), the following equation is obtained: 

f 7 1/2 

where 

and 

Equation ( A l l )  is given in te rms  of the loading parameter N,/EZ, equivalent-thickness 
parameter f/2, eccentricity parameter e/& and geometric proportions of the panel. The 
usual practice in mass-strength analyses is to determine the geometric proportions that 
minimize f/2 while Nx/E2 is held constant or that maximize Nx/E2 while f/2 is 
held constant. The form of equation (All)  does not lend itself to this approach, but the 
desired geometric proportions can be obtained by minimizing f/2 while the ratio 
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'I.lf is held constant. The values of p ,  n, R, ba/bw, and e/Z a r e  fixed for a givenE l  t 
case, and the ratios l / b ,  rb, and rt a r e  varied to determine the minimum-mass 
panel proportions. 

The first ratio considered is 2/b.Equation (All)  can be.written as 

where H = - and H, a,and p a r e  not functions of l / b .  To 

obtain the ratio $/bwhich gives minimum f/2, the derivative a('/2' is equated to 
zero yielding a(Pd 

-2 cos2 e + "(-e COS e + e2 sin e) = o (A15)P 

where 

The solution of the transcendental equation (Al5) is shown graphically in figure 12. It is 
convenient now to consider equation ( A l l )  as a function of the two variables rbf i  and 
rbr t  (a, p, and hence 0 a r e  only functions of rbrt). Maximum efficiency is then 
obtained when rb@ is a maximum for a given value of rbrt. The maximum value of 
rb/ii can be obtained from the local-buckling-coefficient data of reference 5. As an 
example, the plot necessary to provide this information for the integral-tee-stiffened 
panel under uniform compression is shown in figure 13. This plot was prepared by 
selecting a value of rbrt and trying a range of rt until the maximum rbf i  w a s  
found. The dashed line separates the region of the graph where skin buckling is 
restrained by the stiffeners from the region where stiffener buckling is restrained by 
the skin. Maximum values of rb@ occur in the region of panel proportions where 
stiffener buckling is restrained by the skin for  a uniformly s t ressed c ross  section. 

In this analysis the s t r e s s  is not uniform but is a sum of the uniform direct s t r e s s  
and the s t r e s s  resulting from the moment produced by the eccentricities or lateral pres­
sure.  Since local-buckling equations which account for the effects of an applied moment 
are not available, the local-buckling behavior is based on the assumption that the maxi­
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Figure 12.- S o l u t i o n  of t r a n s c e n d e n t a l  equat ion (Al5) used f o r  determining optimum r a t i o  
of s t i f f e n e r  depth t o  pane l  l e n g t h  b,/l for e c c e n t r i c a l l y  loaded panels .  
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Figure 13.- Local-buckling relationships for integral-tee-stiffened panels. 
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APPENDIX - Continued 

mum stress which occurs in the skin is applied uniformly to the cross  section. This 
assumption is conservative since the stiffeners would actually be at a stress below the 
maximum; and hence, the panel would have a higher local-buckling strength than assumed. 
In view of this conservative assumption, the panel proportions corresponding to the maxi­
mum value of rb& on the constant rbrt curves a r e  used for design in this investiga­
tion. Resulting curves of rb@ versus rbrt are shown in figure 14. 

Procedure for generating mass-strength curves.- The procedure used to generate- ~ ___  

the parts of the mass-strength curves, shown in figures 5 to 7, that a r e  for panel designs 
with s t resses  below the material proportional limit is as follows: 

(1)Select e/l, 2rk, bf/b,, and Q/&. 

(2) Try a range of values of rbrt and corresponding maximum values of rb@ 
from figure 14. Calculate Q! and p from equations (A12) and (A13), respectively. 

, . .2 . 2  * . . 4 . , : ~ l l i ~ I I ~ . I i l : : : l I i : i ~ I ~ l l I l ; ! i l l l l l l i l ~ l l. . . .  , .  
, , , *  t .  

* .  
( 8 , . * .  bf 'bw tf ''wy . . . .  . I  . . . .  
. I I I Integral-tee stiffened 0 . 3  1 . o. . . .  f r '2.0 	 , , . ,  
, , . ,t Integral-zee stiffened . 3  1 . 0  
I 1  

+ . I t  

, , . .  

. . . .  fl?Zee stiffened 

. - .  . .4 1.0 
, . . .  . . . . . . . . . .  

. , * . I  . . , . . I  . .  

1 . 8  I ! ;  v , : .  : . :  , I , I. < , I , : :  

1.6  
I I)# 

. . . .  . . . . . . . . . . . .  I , 
I * I * , I . *  t # , < + < 

. . . .  

. .  
: ; ,.: I : : ; ; I : : : : I : :: : : : I :  

I 
: ' :  . , . .. . .  
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. . . .  , , . .  
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I '  . . , . .  

, .  . . . a * , , I t  
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. . . .  , , I ,  . . .  . . . .  . . . .  
. . . . .  . ,  

I . . .  _ , . .

. . . I! ' . '  . . .  

1 . 0  I . , . ,. . . .  
I 	 . . . .  . . . .  . . . .  
,1 ) . . . .  . . . .  

. 	 . .  , . , ,  . .  . . .  . . .  . . . .  
.8 r_. 2  . . . . .  . . *  I _  . , 

.6 s 1 . 0  I 2 1 . 4  1 . 6  1 . 8  2.0 

'b't 

Figure 14.- Maximum rbE f o r  s t i f f e n e d  pane l s  ob ta ined  from l o c a l  
buckl ing  r e l a t i o n s h i p s  as shown i n  f i g u r e  13. 
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(3) Solve for  8 from the transcendental equation (A15) or figure 12, and then 
determine l/4, from equation (A16). 

(4) Calculate r/l from equation (All)  and select the minimum f / l  for  the 
range of rbrt. 

-f- a point can be obtained.(5) By using 
E l  

= NxIEzf / z  1' 

(6) Repeat this entire procedure for  different values of e/l and %puntilE l  I 
the desired curve is generated. 

The related curves giving the geometric proportions rb and rt versus the 
eccentricity parameter e/l are given in figures 9 and 10. The changes in these geo­
metric proportions that occurred as N,/El was varied throughout the design range 
were found to be insignificant. 

Procedure for  determining panel dimensions-.- To determine the cross-sectional 
dimensions of a given panel, the following procedure is used: 

(1) Specify the load N,, Young's modulus E ,  panel length 1 ,  equivalent-eccentricity 
parameter 4 ,  and geometric ratios ba/bw, b f / b ,  and t&, .  (Values of -= 0.3 andbf 

b, 

-tf = 1.0 were used for  the curves shown in figures 5 to 7.)tw 

(2) Determine f / ~from figure 5, 6, o r  7; r b  f rom figure 9; rt from figure IO; 
51,52,53 from equations (A2), (A4), (A6), respectively; a and p from equations (A12) 
and (A13), respectively; and 8 from figure 1 2 .  

Then t,, tw, b,and bs a r e  obtained f rom the following design equations: 

tw = rtts 

l Pbw = -e 

bs = b,­rb 

Designs for Stress  Above Proportional Limit of Material 

Procedure f o r  generating mass-strength curves.- The analysis in this section is 
used for  designs when the maximum stress is above the proportional limit of the material. 
In this analysis the design stresses are combined in a different manner f rom the condition 
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of stresses below the proportional limit. The local-buckling s t r e s s  given by equation (A9) 
can be combined with equation (Al) to give qb as 

By substituting I / &  from equation (A21) into equation (A7) and rearranging, the follow­
ing equation is obtained: 

where 

and 

The parameter t / l  can be determined from equation (A22) for a given s t r e s s  u and 
corresponding material properties E ,  ET, and Es, eccentricity parameter e/l, the 

ratio 	 %/cy, and the geometric proportions of the cross  section. Various combinations
E l  1 

of these parameters must be examined to determine points on a mass-strength curve. The 
following procedure is used to examine these parameters in a systematic manner (see 
fig. 15): 

(1) Select e/l, b f / b ,  and tf/b. 
(2) Select a value of s t r e s s  u 

(a) To include plasticity reduction, obtain E,  ET, and E,s. from material 
s t ress-s t ra in  diagram; then calculate q and ql from equations (A8) 
and (AlO), respectively. 

g 

(b) To neglect plasticity reduction and assume a bilinear s t ress-s t ra in  curve 
that is perfectly elastic up to the yield point and perfectly plastic thereafter, 
use u =  ocy and qg = q 2 -- 1. 
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NX-
E Z  

Figure  15.- Typica l  s o l u t i o n  pa ths  for gene ra t ing  mass-s t rength curves on log - log  p l o t s .  

(3) Select a constant g[iy. This constant establishes a straight line with a 
slope of 1/3 on the log-log plot in figure 15. The desired design is obtained by determin­
ing the geometric proportions of the cross section which give an extremum along thisz/(!r = Constant line in the direction indicated. Thus, the desired point is established 

by maximizing Nx/EZ and corresponding f / l  along this line. This maximum is deter­
mined by varying the parameter rbrt. Equation (A22) yields a maximum f/Z when the 
parameter B is minimized. The parameter B is minimum for  a maximum rbfi at 
a given rbrt. 

(4) Try  a range of values for  rbrt and corresponding maximum values of rbfi 
from figure 14. Determine B and B1 from equations (A23) and (A24),respectively. 

(5) Calculate f / l  from equation (A22), and select the maximum t/Z for  the 

range of rbrt. This point is indicated where the E l lNx/(cr curve coincides with the 

(T = Constant curve in figure 15. 
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(6) By using Nx-= --Nx/ELf)s,a point 
EZ'l

E) can be obtained. 
E l  (t/l)3 

(7)Repeat for  different values of El (lines which are parallel to the one 

shown in fig. 15) until a curve is generated for  the s t r e s s  u which was selected in 
s tep 2. This curve is shown as a dashed line in  figure 15. 

(8a) I�the plasticity reduction is included, several  values of s t r e s s  must be selected 
resulting in a family of curves whose envelope will be the desired mass-strength curve. 

(8b) If the plasticity reduction is neglected, a single curve will be obtained since 
only the s t r e s s  vcy is considered. 

(9) Repeat this entire procedure for different values of e/l until al l  desired design 
curves a r e  generated. 

The curves relating the geometric proportions rb and rt to the eccentricity 
parameter (see figs. 9 and 10) a r e  also applicable for designs with s t resses  above the 
proportional limit. There were some differences between the proportions which gave 
the theoretical minimum-mass design and the proportions shown in figures 9 and 10. 
However, the resulting differences in mass of the designs were negligible. 

The above procedure can also be used to generate mass-strength curves in the 
region where s t resses  a r e  below the material proportional limit. However, the proce­
dure described in this section requires considerably more calculations than the proce­
dure described in  the previous section, which was tailored for use below the proportional 
limit. The procedure for use below the proportional limit involves solution paths along 

constant $p lines shown in figure 15. The desired design is obtained by determin-
E l  l 

ing the geometric proportions of the cross  section which give an extremum along this 

* 1-= Constant line in the direction indicated. Hence, for this region the desired point
E l  	2 

is established by minimizing E/l and corresponding Nx/EZ along this line. 


Procedure for determining panel dimensions .- To determine the cross-sectional-

dimensions of the panels for a given case the following procedure is used: 

(1) Specify load N,, Young's modulus E ,  panel length 1 ,  equivalent-eccentricity 
parameter 4 ,  and geometric ratios ba/&, bf/b,and Q/tw. Values of -= 0.3bf 

and G 
'= 1.0 were used for the curves shown in figures 5 to 7.) (  

b, 

(2)Determine t / l  from figure 5, 6, o r  7; r b  from figure 9; rt from figure 10; 
t1 from equation (A2); and rb& from figure 14. 
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Then ts and tw are obtained from design equations (Al7) and (A18), respectively: 

- cts ---I 
I t l  

tw = rtts 

Next, a value of stress (T is selected and corresponding values of ET and ES a r e  

obtained from a s t ress-s t ra in  diagram. The plasticity reduction factors qg and 17

1 
a re  


determined from equations (AS) and (AlO), respectively. Then bw can be obtained from 

the expression 


Stress u is calculated by using equation (A7). If the plasticity reduction is included, an 

iteration will be required to make the calculated s t r e s s  u agree with the selected value. 

If the plasticity reduction is neglected, u = ucy is selected with qg = qz = 1, and no 

iteration on the s t r e s s  is required since only a single value of compressive-yield s t r e s s  

is considered on the mass-strength curve. Finally, bs is determined from 

equation (A20): 


Load Applied Through Neutral Surface 

For  no eccentricity, equation (A12) gives a = 0, and the corresponding value of e 
from equation (A15)is e = a Using equations (A13) and (A16), equation (Al l )  reduces to8' 

o r  

2 
E l  
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where 

Numerical values for the structural efficiency factor E obtained using equation (A28) 
agree closely with the corresponding values given in reference 1. 
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